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This paper proposes a new quantitative implementation of Balassa's idea that export composition and revealed comparative advantage inform the relationship between endowments in domestic factors of production and exports. It proposes that the export composition of countries is close to a low-dimensional manifold or "Product Space" within the space of export composition, which has as many dimensions as product lines. The Product Space corresponds to a few latent endowments explaining the structure of the trade matrix. The model uses non-linear techniques to identify the product space from the 2010 export matrix of 128 countries This paper is a product of the International Trade Department, Poverty Reduction and Economic Management Network. It is part of a larger effort by the World Bank to provide open access to its research and make a contribution to development policy discussions around the world. Policy Research Working Papers are also posted on the Web at http://econ.worldbank. org. The author may be contacted at jarvis1@worldbank.org. and 61 products, and to estimate the latent factors of endowments by country. It formalizes a concept of latent comparative advantage, which has practical country specific applications, relevant for "trade competitiveness" policies. Compared with classical revealed comparative advantage, the model assesses how well countries are matching their potential implied by the latent variables, and also identifies products for which the latent advantage is not yet revealed (extensive margin). The data suggests that the degree of overlap between latent and revealed advantage is a metric of "trade competitiveness." domestic endowments or of relevant policies. Fortunately most of the relevant variables are now covered by established datasets of indicators based on statistics or, very often, surveys. To meet the expectations of policy makers to understand the differences of dynamics by industry, the analysis had to be disaggregated at the sector level. This provides a "meso-economic" description of how differences in factor endowment may be more conducive of certain products or exports.
The insight that trade outcomes can reveal information on sources of competitiveness or comparative advantage goes back half a century, when Balassa introduced the concept of revealed comparative advantage. This paper follows this tradition. It proposes that the structure of the global export matrix can be essentially explained by a few latent factors of endowments that determine comparative advantage. Thus the position of the problem is "inverse": country and product factor variables are deduced from the export outcome data, in contrast to the traditional econometric approach whereby export outcomes are regressed against actual endowment variables.
A nonlinear dimensionality reduction procedure (exponential-PCA or E-PCA) analyzes and produces the few latent factors. Although based on off-the-shelf mathematical tools and intensive computations, the main outputs consist in country specific information of practical value, including the latent composition of trade and latent comparative advantage ratios. Ultimately the paper proposes a scientific solution to the old problem of estimating the potential for diversification of countries based on existing data and trade theory.
The remainder of the paper is organized as follows.
The first part of the paper (section 2) introduces the key concepts and surveys the literature.
The second part of the paper develops an alternative concept of product space (section 3) rooted in neoclassical trade theory (section 4). It introduces the factor supply elasticity, which is a measure of the productivity gains brought about by changes in the supply of factors across countries. The estimation of the model requires non-linear techniques -Poisson Pseudo Maximum Likelihood (PLM)-, in contrast to previous implementations, and corresponds to a non-linear projection of the product space onto a one-dimensional manifold (section 5). Implementation to trade data and various factors of competitiveness is commented on (section 6).
Finally, the third part of the paper proposes to push the model further by applying a consistent procedure of dimensionality reduction to the product space to identify its dimensions. It combines non-linear estimation (Poisson PLM) with principal component analysis (E-PCA) (section 7). Country and product coordinates are estimated through this non-linear "projection". The significance of the principal axes in this reduction and their relationship with known factors of competitiveness are investigated (section 8), along with comparisons of latent against revealed comparative advantage by country (section 9).
The research dataset is available at www.worldbank.org/trade -> Data
Composition Space and Revealed Comparative Advantage: A Literature Review
Following the tradition of most empirical work, this paper analyzes export data. Indeed, export data are available across countries at a detailed sector level, more reliably than production data. Furthermore, trade data may be more relevant for assessing cross-country competitiveness since, by definition, this notion reflects competition between exporters from different countries.
However, the focus on export data may omit important features of production and trade. For instance, the ability to participate in global value chains and production sharing drives much of developing countries' diversification towards more complex production. An analysis based solely on export data, although already quite complex, may not capture fully the consequences of the cross-border nature of value chains or the importance of international backward and forward linkages (Baldwin, 2010) .
Composition Space and Revealed Comparative Advantage
At an abstract level, changes-or rather relative changes-in factor endowments will correspond to trajectories of countries in the composition space of exports, where coordinates are the shares of exports by product. Composition space has many dimensions; as many as distinct product lines in the data. A change of composition in exports-resulting from a change over time (or across countries) of factors endowment-is naturally represented by a trajectory in a space with as many dimensions as products, where the coordinates are the relative export composition by country. The concept transposes to represent the position of cross-sections of countries with different endowments in factors of production. The composition coordinates are export shares:
, where is the exports of product i from country a.
3 Therefore, the composition space is the hyper-plane of co-dimension one (Fig 1) where the "movement" takes place:
and A perspective going back at least to Balassa (Balassa, 1979 (Balassa, , 1986 is that the position of the problem can be reverted. Trajectories in composition space can "reveal" information about the importance or relative importance of factors of production for (export) competitiveness.
Balassa proposed the revealed comparative advantage (RCA) as a more meaningful representation of the position of countries in Composition Space than the composition vector. The RCA is the ratio of the country's export share of a particular product against the global 3 The paper refers to a dot subscript as sums by countries or products (Einstein's convention).
, , export share of the same product,
Fig 1. Composition space (with three products)
Beyond the observation of the RCAs, a precise description of the geometry of the composition space and the dynamics of products and countries would help inform the relationship between endowments and composition, and ultimately how factors of "competitiveness" influence the volume of exports across countries and across products. This identification would be of high practical relevance for understanding the potential for change of composition (synonymously diversification) and to assess how well countries are making use of their comparative advantage. However, this identification is quite complex because of the high dimensionality of the product space, the non-linear nature of the relationship and the fact that many factors are relevant to explain export compositions.
PRODY and Revealed Factor Intensity
The end of the last decade saw a fresh wave of interest in the problem, stimulated by the renewed focus on competitiveness policies. Practical methods have been proposed to understand the dependence of specific industries or export commodities on the endowments of different factors. This approach yields the "PRODY" (Hausmann & Klinger, 2006) , generalized in the Revealed Factor Intensity (RFI) (Shirotori, Tumurchudur, & Cadot, 2010) , available for each individual endowment factor that is measured by a macro-index available by country, say . The revealed factor intensity by product (or industry) , is representative of the factor endowment of countries that have the greatest comparative advantage of producing this product i. Thus the factor supply intensity by product is a weighted average of countries' factor index values , with a weight proportional to the RCA of country a in product i
The original PRODY referred to the level of development classically measured by GDP per capita. Other implementations extended the concept to RFI of capital or labor per unit of production. The RFI concept can essentially apply to any endowments for which a cross-country metric is available, such as the competitiveness related indicators available in the databases of the WEF or the World Bank (Doing Business, Logistics Performance, Governance).
HHR product space as a network: economic complexity Haussman-Hidalgo and Rodrick (HHR) put forward a more comprehensive proposal (Hidalgo & Hausmann, 2009 ) that does not start from actual endowments but instead tries to understand the structure of exports. They introduce the concept of product space and economic complexity through a procedure akin to data analysis and dimensionality reduction. HHR views countries and products as nodes of two dual networks or graphs. A country and a product are linked when their RCA is more than one. This concept provides a simplified structure, thought of as a sort of "skeleton" of the composition space. The country and product associations can be graphically plotted. The implementation of network analysis tools, like the eigenvalue centrality (behind the Google search engine), produces an index of economic complexity by product or country (referred to as an atlas of economic complexity).
Other authors (Barigozzi, Fagiolo, & Garlaschelli, 2010) have similarly and independently implemented linear, automatic classification and data clustering analysis tools to provide a discrete, network-like description of products and countries as nodes or branches in networks or dendrograms.
However, this "skeleton" approach based on a series of simplifications does not directly provide country-specific information on non-revealed potential or on the linkages between composition and endowments.
Author's Comments
The PRODY/RFI concepts as well as product space and economic complexity have become rather popular. However, they have some limitations stemming from their intuitive and heuristic-as opposed to model-based-nature.
First is their relation to trade theory. Factor allocations are naturally defined at the country level (e.g. wages, investment per worker, policy variables), as they enter into the production functions, which typically vary among products. At the micro level, industries are not characterized by constant factor allocations worldwide but by production functions with product-dependent parameters (e.g. elasticities in a Cobb Douglas production function). The relationship between a product and a typical or optimal factor allocation, as in the RFI, is a statistical outcome "averaging" over different factor allocations across countries within the same production function. Implicitly, this association of an optimal level of a factor to a product relates to a life cycle explanation of export competitiveness. The relative export level for a given product increases initially and then decreases beyond a point where comparative advantage has grown higher and the export of the product more intensive in the factor (Wells 1961). However, the optimal or typical factor supply for an industry is a dynamical outcome resulting from differentials in productivity across countries, products and global market demand (section 3); it is not a primary mechanism.
The RFI does not provide an explicit predictive model that could relate change in endowments to changes in RCAs or export composition. The "skeleton" approach in the product space decomposition is also based on a series of simplifications and does not provide either countryspecific information on its non-revealed potential or the linkages between composition and endowments.
Both models are univariate. The RFI takes one factor at a time, even though many factors enter into a production function simultaneously. Economic complexity is also one dimensional. Neither the RFI nor the product space decomposition include a metric on how well they explain the structure of the composition matrix-the equivalent of an goodness of fit in a linear regression-making it difficult to assess quantitatively the explanatory value of the theory.
Another problem in interpreting the RFI/PRODY is that, being a weighted average of factor variable by country, it is essentially the first iteration towards a trivial fixed point, which is the simple average of the factor index value across countries. In fact for actual trade data it is easy to check that the rate of convergence is relatively fast.
What Export Composition Tells about Factor Endowments: Product Space and Latent Comparative Advantage
Although the original composition space has many dimensions-more than sixty if one retains a classification with two digits-it is expected that trade composition is determined by a much smaller number of factors of endowments. Hence the points representing countries in the composition space should be close to a manifold (or sub-space) with relatively few dimensions within the much larger composition space (Fig. 2 ). This manifold, dubbed "Product Space", 4 is identified from the trade data through a geometric concept of dimensionality reduction. Modern econometric techniques yield a minimal set of latent factors for each country that best explain the structure of the trade matrix. The implementation of Product Space and latent factors is formalized in the forthcoming sections.
Countries have coordinates in the product space that represent latent factors and correspond to their projection from the composition space onto the product space. Products have dual coordinates in the same space. Thus the problem exhibits symmetry between countries and products. These product coordinates are export elasticities to each of the country's factor endowment variables.
The low-dimensional product space still incorporates most of the information from the entire high-dimensional composition space and the full trade matrix. Hence the projection of countries (Fig. 2) onto the product space encapsulates the information about its endowments and comparative advantage. Ultimately the paper follows an "inverse problem" approach to trade and deduces endowments from trade outcomes.
Fig 2. Product Space and Latent Comparative Advantage
The implementation of the model is made possible by combining two known tools in econometric and data analysis:
• The principal component analysis (PCA) is a powerful dimensionality reduction tool. It decomposes a cloud of data points with many dimensions into a few principal components or dimensions that capture most efficiently the variance in the data. The PCA is widely used in economics and social science.
• The second tool is the Poisson (pseudo) maximum likelihood. This choice is known to be the most natural when fitting actual flows on a network, such as trade data, against predicted values (Silva & Tenreyro, 2006) .
There are several potential benefits with the proposal. The first is that the "projection" technique is itself embedded in quantitative trade theories of product differentiation. The second is that the model has predictive value. For example, the expected change in export composition due to a change in endowments in the product space can be computed. Furthermore, the projection of countries in the low-dimensional product space corresponds to a reference latent export composition or latent comparative advantage (LCA), .
The comparison between latent and actual compositions, or between revealed and latent comparative advantages, carries significant country information and may help answer practical questions. For example, how well a country realizes the potential of its position in the product space, or whether there are opportunities of production with significant latent comparative advantages not yet reflected in current comparative advantages.
Product Space in Trade Theory: Factor Supply Elasticities
This section formalizes the expected dependence of export composition on factors of endowments and product specific elasticities, which spans the Product Space.
Effects on production or exports from changes in domestic endowments are expected to happen through industry specific changes in productivity and eventually comparative advantage. In other words, the export from country a in product i would depend on the individual (or the set of) factor(s) f in the following way, where is a positive function summarizing the impact of the factor(s) f on the advantage to produce in industry i in country a. Furthermore, the export flow is dependent on the size of the market for product i and on the size of the exporting economy a, yielding a bi-proportional structure of exports , or , where the multiplicative fixed effects and account, respectively, for export country a's size and product i's market demand.
Revealed comparative advantages are positive numbers distributed over several orders of magnitude (Fig 3) . Effects of different factors on productivity and comparative advantage are intuitively expected to be multiplicative. It is therefore natural to look for log-linear dependence where the expected impact of factor endowments is to enhance (or decrease depending on the direction of the effect) production and trade with a product dependent elasticity, hereon referred as Factor Supply Elasticity (FSE) .
Fig 3. the distribution of RCAs (128 countries, 61 products)
Hence the exports by country a of product i take the form for one factor and , for several independent factors This intuitive relationship is also embedded in modern quantitative trade theory exposed by many authors (J.E. Anderson, 2010 ; James E Anderson & van Wincoop, 2003; Armington, 1969) . Essentially neoclassical quantitative models of trade flows suppose some degree of country differentiation (Armington's hypothesis) and make use of CES preferences by importers. They thus produce the generic multiplicative structure. then the export flows indeed take the expected form with factor supply elasticities related to factor productivity through .
Elasticities of substitution are known to be relatively large (seven to eight is often retained in practical trade empirical research). Hence even relatively modest elasticities of firm productivity can lead to much larger effects in the trade matrix, as measured by the factor supply elasticities.
When the elasticities by products and factors are known, A and B are determined up to a factor by the market clearance requirement in row and columns,
Although the concept is straightforward, and the theoretical foundation known for a long time, the actual econometric implementation is not entirely trivial, given, for instance, the presence of zeros in the matrix and the inclusion of fixed effects. The problem is formally similar to that of the fixed effect spatial interaction gravity equation, where the bilateral interaction coefficient -or trade costs -takes the place of the productivity coefficient in the current problem (Anderson 2002) . Recent advances in implementing the econometrics of fixed effect models of spatial gravity models can be transposed to the empirical analysis of the export composition space.
Properties of Factor Supply Elasticities
Annex 4 includes the proof of two properties relevant to the linkage between RCA and FSE.
1. Change in factor supply: an improvement in factor supply by for country a improves the RCA only in the export products i where the factor elasticity is above the country weighted average elasticity . Indeed, an increase in endowment for a factor should increase more the exports of products using this factor more intensively. 2. Approximate linear relationship between Revealed Factor Intensity (RFI) and FSE: for small values of elasticities , .
The RFI is thus not only dependent on the elasticity but also on the distribution of factors among countries. This relationship is also intuitive. Both the elasticity and the RFI are trying to measure the same phenomenon, namely how much the export of a given product are dependent on a given factor of endowment.
Invariances
The export matrix is invariant to a series of transformations of country and product market coefficients, as well as factors and elasticities. Again, consider the case of one endowment: . The following invariances apply (independently for each endowment):
1. Rescaling of As by the same coefficient and its inverse applied to the Bs. How do A and B differ from total export and import markets? Indeed, in a flat world without specialization, the simple formula would hold, and A (respectively B) would be proportional to total exports Xa (respectively Xi).
In general the proportionality does not hold and A and B are adjusted from exports and imports by a form of the "multilateral resistance" coefficient, .
A Toy Model: Dynamic Life Cycle Effects and the Connection between Factor Supply Elasticities andRrevealed Factor Intensity
Life cycle effects, where products are apparently associated to a typical level of factor endowments as in HHR, are built in the model when countries have unequal factor supply. This comes as a consequence on the one hand of unequal factor supply between countries and on the other hand of market clearance constraints. Countries with the highest factor will concentrate their exports in the sector with the highest FSE.
Let us consider a minimalist toy model example with two sectors, a continuum of countries with factor f varying from 0 to 1, equal total exports per country, and equal demand for each of the two sectors. Let the elasticity be for product 1 and zero for product 2 ( represents the difference in elasticity with respect to f in the two sectors) . Then the relative strength of exports of product 1 as a function of f is proportional to
, and the share of product 1 in the exports of a country with endowment f has an S shape (Fig 4) .
Fig 4. Share of product 1 as a function of the factor endowment for different values of the elasticity
Under the assumption that countries' total exports are the same, the RFI of product 1 will be . This number ranges from 0.5 to 1. 
This section tackles the empirical problem of fitting the original trade data against their predicted value of in the Product Space, or latent composition, described by the log-linear formula of section 4
It uses standard econometric (Poisson Pseudo Maximum Likelihood) to estimate:
• The elasticities when trade and actual variables for the factors are known (section 5-6).
• Both elasticities and latent country factors variables from only the trade matrix (section 7 onward).
The procedure leads to a natural information metric of distance of countries to their projection (predicted value) onto the Product Space.
Poisson Pseudo Maximum Likelihood and its Information Metric
There is a strong theoretical and practical case (Silva & Tenreyro, 2006 ) (J. Arvis & Shepherd, 2013) to implement the Poisson pseudo maximum likelihood (PML) regression to this problem. It is widely accepted that the Poisson pseudo log-likelihood problem is the adequate econometric implementation to the similar gravity equation. It accepts zero values that are common in the trade matrix and behaves well in the presence of heteroskedasticity (higher variance for smaller flows). It also guarantees that the margin total in rows and columns are preserved and is the only PML with this property: , and .
Margin conservation is key to the consistent estimation of the fixed effect coefficients in the model (coefficients A and B). It is also essential to be able to use the predicted values of the model in further calculation, for instance to compare directly comparative advantages in the original matrix (RCAs) with those to be estimated from the predicted export matrix, hereafter referred to as latent comparative advantages (LCAs).
The Poisson PML compares the original trade matrix X to the latent composition
The PML is a negative or null number (it is null only when the predicted matrix equals the original). Its opposite I is an information metric (Kullback-Leibler (KL) information distance).In the reference case where no country has a comparative advantage ("flat world"), the trade matrix would be simply the product of shares in line and column
The information distance (Kullback Leibler distance) between the flat matrix and the actual one measures how non trivial the structure of export is, with strong specializations of countries.
. . 
Econometric Implementation
The parameters to be estimated are the fixed effect coefficients, and , and the elasticities . The maximization conditions yield three series of equalities.
for all a (maximization in ),
for all i (maximization in ), and
∑  for all i (maximization in ) and each factor k.
These conditions are equivalent to saying that the estimator conserves i) the total in row and column, or margins, of the trade matrix (Arvis 2011), as well as ii) the weighted average of the country factors.
However, given the invariance properties of the estimators (section 3), there are two degrees of indetermination in the problem:
• First the A and B are determined up to a scale factor irrelevant to elasticities and .
• In the numerical implementation we relieve the indetermination by imposing that the sums of A and B are equal.
• Then the elasticities are known up to a constant. To relieve this indetermination, in the following we choose the convention that the weighted average of elasticities is zero:
. These conventions have no relevance to the predicted values of the model , but are needed for the implementation of the numerical algorithm. This algorithm recursively:
• Estimates the next A and B using the line and row conditions for a given set of elasticities ;
• Recomputes the next approximation for the elasticities using Newton's approximation to solve the equation of conservation of average factor.
Application: Estimating the Factor Supply Elasticities for Known Endowments
This section applies the model to actual trade data when factors of endowments are known, and determines the factor supply elasticities by product.
The Poisson pseudo maximum likelihood is implemented for one year (2010) starting with 61 sectors at the 2-digit SITC rev 3 level. The independent variables used in the model are indicators typically used to explain trade volumes or trade costs.
The following calculations have been implemented: 1. Computation of the factor supply intensity and the revealed factor intensity for each of the variables (Table 1) . 2. Computation of multivariate factor supply intensity for a combination of independent variables (Tables 2-3 ).
The main findings are:
1. Individual indicators taken separately do not have a very strong explanatory power (max 15%). That is, no single endowment can explain the export matrix well. 2. The FSE and RFI are as expected (section 4) strongly correlated (Fig 7 and Table 5 ). 3. Results 1 and 2 imply that RFI/PRODY explains a small share of the information in the export matrix. The explanatory power of such univariate indicators is more limited than previously thought. 4. Including several variables improves the information explained by the model but not too strongly: five variables cannot explain 50% of the information. Furthermore, the multivariate elasticities are expectedly quite dependent on the other variables included in the model. 
Dimensionality Reduction and Generalized Principal Component Analysis
This section extends the model of sections 4 and 5 to the case where the factors of endowments are not known but are latent variables to be determined from the trade data.
Dimensionality reduction is one of the most powerful concepts in science in order to address the complexity of problems with many degrees of freedom. It helps read data and understand patterns. The most popular techniques of dimensionality reduction are linear techniques such as principal component analysis (PCA) or factor analysis.
Standard linear techniques such as PCA cannot be applied directly for two rather obvious reasons. The first is that the impact of factors is expected to be log linear as apparent in the previous sections, not linear as in factor analysis or PCA. The second is that export matrices are rather sparse with a large number of zeros, so log-linearization of trade data will not work as is. Fortunately, there is a consistent way to implement the PCA concept with the previous FSE and Poisson regression techniques. This non-linear version of the PCA is related to the exponential-PCA (E-PCA) introduced by Collins et al. (Collins 2002 ) (Collins, Dasgupta, & Schapire, 2002) for pattern recognitions algorithm. This might be the first application of this idea to economics. This technique, in spite of the apparent algorithmic complexity, offers much insight into the structure of the product space.
Latent competitiveness variables
What this model does is essentially invert the generic trade model of section 3 and deduce from the actual trade flows the product elasticities and country factor indices for a few latent variables that explain most of the information in the trade matrix. Namely, we want to transform and decompose the trade matrix so it is ultimately explained by a series of separable factors of competiveness by country and with elasticities by product : .
The decomposition should provide a small number d of significant dimensions, where countries and products are represented in two dual d dimensional spaces, where the s are the coordinates of countries and the s are the coordinates of products (Fig 2) . It happens that this is a wellconditioned problem that can be solved by iteration. The iteration extracts sequentially the latent variables according to their decreasing contribution to the information on the trade matrix as measured by the log-likelihood.
As before, the problem has under-determination, since it is invariant to a constant shift in factors or elasticity as well as to an inversely proportional change of scale between factors and elasticities. Conventions similar to that of the PCA naturally address this issue (centered and normalized factors and centered elasticity):
is the same choice as in section 4 to fix the constant for elasticities;
fixes the constant for the factors; and fixes the scale for both factors and elasticities since the product is invariant by and .
Iterations
The E-PCA (Annex 3) generates a series of predicted matrices with an increasing number l of dimensions/variables, beginning with the "flat world" no-comparative advantage value:
Each stage adds dual sets of factors and elasticities that provide the best fit with the original trade matrix. The estimator with l number of already determined latent variables is and should minimize:
The information improvement brought by the variable l is the improvement in log-likelihood from l-1 to l, or
The iteration from step l to l+1 proceeds as follows.
The impact on trade and comparative advantage of the first l variables comes from the coefficient:
, with for l= 0 and . is known from the previous iteration up to stage l, and the predicted value at stage l+1 is
The problem is formally quasi-identical to the determination of the FSE in section 5, except that and have to be determined simultaneously. This is achieved at each stage l+1 by:
• Seeding a randomly distributed centered and normalized (zero mean and unit variance).
• Computing the corresponding elasticities as per the algorithm in section 5, and centering them.
• From the elasticities, computing with the same algorithm a new iteration of .
• Iterating until convergence, which is experimentally rather fast.
This procedure seems to produce stable results independent of the seed. The sign of factors and elasticities may be simultaneously changed from one trial to another, which has no relevance.
The number of dimensions to be retained is determined by procedures similar to the linear principal component analysis such as the scree plot.
Results: Latent Variables and Interpretation of Latent Factors
The model of section 7 is implemented for one year (2010) starting with the 2-digit SITCS rev 3 level. Energy trade is excluded. Twelve principal components are computed in order to estimate the number of relevant dimensions.
Number of dimensions in product space
As in PCA, the determination of the significant number of dimensions can be done by looking at the contribution to the increase of the log-likelihood The number of dimensions relevant to the problem corresponds to the "bottom" of the scree where the relative information or improvement in the log-likelihood 1 n J + brought by the next variable becomes significantly less than with the previous n J , and could be considered as "noise". Unfortunately, as often is the case, visual inspection (Fig 6) is not enough to identify the "bottom" of the scree. A more rigorous criterion is to compare the contribution with the one corresponding to a pure random "noise" in the data. In such a case, the contributions are in a geometric series with a ratio close to one. The noisy principal components are easily generated with computer algebra software for the same number of countries and products. In this case, the first two dimensions explain about half of the information in the trade matrix. However, there is no sharp drop in the contribution for the following dimensions. The determination of the bottom of the scree is somewhat arbitrary, in between the third and sixth dimensions. We retain five dimensions, as from the sixth dimension onward the contribution of the component is not distinguishable from the "noise" value.
Latent Variables and their Interpretation
The latent variables and factors for countries and products are available in the Excel files available in the online Annex. Unsurprisingly, compared with known variables (section 5), the latent variables perform much better at explaining the export matrix. Unfortunately, the interpretation of the variables is not totally obvious. The correlation between the known and latent variables is limited. This should be expected since section 5 showed that none of the typical variables explains much of the information structure of the actual matrix (10-20%).
The level of development, logistics and connectivity variables are better associated with the first two factors, as well as the variables measuring government effectiveness (the latter more for the second factor). However, the Doing Business variables do not appear as important to explaining the structure of the export matrix. This result probably stems from the fact that trade is carried A number of patterns emerge from the pairwise correlation and the inspection of the correlation matrix as well as the reading of the distribution of countries and products in the first two dimensions:
• The first axis essentially distinguishes between labor intensive vs. resources intensive productions.
• The second axis distinguishes a greater degree of sophistication of manufacturing and the need for investment. This section builds on the results of the previous one, and proposes tools with practical policy value. It follows the route sketched out in the introduction and exploits the concepts of latent trade composition and latent comparative advantage, to propose for instance, tools to identify the latent potential for diversification for any country. It also looks at how to interpret the separation between actual (or revealed) values and latent values. The main hypothesis tested here is that competitiveness is intimately associated to how well countries reveal their latent advantages.
The concept of dimensional reduction developed in section 7 determined a limited number of latent factors that explain most of the export composition. The projection of a country onto the low-dimensional product space provides a direct identification of exports for which a country has a revealed or just-latent comparative advantage, given by its position in the product space and its endowment in factors explaining competitiveness. Indeed the projected composition is what the export profile would be (with unchanged global demand by product), if exports were only dependent upon latent competiveness variables independently of the "noise" that makes the actual trade matrix ai X deviate from the estimator. For instance, the estimator is always positive while actual trade has many zeros.
Hence
indicates for which products country a has a latent but not necessarily revealed comparative advantage. It is natural to introduce the latent comparative advantage as a match to Balassa's revealed comparative advantage.
Since the estimator is smoother product-wise than the initial matrices, the LCAs have less dispersion than the RCAs. A direct pairwise comparison of LCAs and RCAs is not informative. However, there are meaningful ways to compare actual and latent trade data by country.
Latent and Actual Composition Profiles by Country
It is proposed to retain the following classical indicators to compare the latent and actual trade composition by country: The latent Theil value is expected to be higher than the actual one because the latent composition is spread over product lines as compared to the original one. The KL distance is a positive number, which is zero for identical composition and increases when the composition diverges, because the latent composition is more spread out as compared to the original one. . The overlap or similarity measure has an inverse behavior, decreasing from one for a perfect match of latent and actual to zero for no overlap.
Cross-matrix of Latent versus Revealed Comparative Advantage by Country: Identifying the Potential for Diversification
Another informative and intuitive way to look at the same problem is to do a double-typology of products for each country according to whether their RCA and LCA are greater than one.
The four-category typology is the typical BCG interpretation:
Type one (RCA>1, LCA>1) represents products for which the latent comparative advantage is realized.
Type two (RCA<1, LCA>1) are those products for which the latent advantage is not revealed. The category is eventually an implementation of the concept of discovery (HHR) or intensive margin.
Type three (RCA>1, LCA<1) corresponds to products where the revealed comparative advantage is not supported by the position in the reduced product space, hence a possible interpretation is sectors with declining competitiveness.
Type four (RCA<1, LCA<1) corresponds to products with no particular advantage, which is typical and can represent a substantial fraction of exports.
The straightforward implementation of this typology leads to a simple tool, a "discovery" matrix that maps for each country the products according to this typology in four categories. The matrix is available in Annex 4. About half of the country-product pairs with a latent advantage are not revealed (Table 8) . Marginal sectors
For each country the following derived indicators can be produced:
1. The number of products in each of the four categories: Type 1-4 # 2. The share of latent trade in each of the four categories Type 1-4 %
Competitiveness as the Realization of the Latent Advantage
The data file provided in Annex 5 includes:
• Indices by country: Theil actual, Theil latent, KL Distance, Overlap, Type 1-4 #, Type 1-4 %, • The "discovery" matrix with the product typology by country.
The main observations are the following.
LCA metrics. The country-level indices of KL distance, overlap, and GL are expectedly related as they all measure how close latent and actual export compositions are. As expected, distance or overlap between actual and latent are also related to the relative importance of the untapped potential for diversification (Type 2).
Most significantly, the KL distance and the overlap indices seem to capture much of the export "competitiveness", with the KL distance being slightly better:
i. Both indicators are highly correlated with commonly accepted indicators of competitiveness such as the WEF Global Competitiveness index (Fig 9) . ii. The ranking of countries in the sample is consistent with the general knowledge of countries' exports (Table 10) , despite a few unintuitive cases such as the Nordic countries. iii. The KL distance is also associated to a higher degree of diversification of their actual trade for countries close to their latent potential, as measured by the Theil index (Fig 10) . iv. The metric of distance between latent and actual trade is better associated with generally accepted competitiveness outcomes than the diversification (Theil) index. The data for European countries also provide some illustration of the differences between countries. Table 10 below illustrates the case of Germany, France, Italy, Netherlands, Spain, and the United Kingdom.
All countries are relatively close to their latent structure as measured by the indicators of distance and overlap. However, Germany clearly stands out by being closer and having a very small extensive margin of products to be revealed. Conversely, France and the Netherlands have a rather large extensive margin. At least in the case of France, this observation and the fact that its indicators are about the same as Spain cannot but be associated to the current debate in France about the competitiveness and the future of its industry (Giraud & Weil, 2013) . 
Conclusions
The model is a thorough implementation of dimensionality reduction of the export matrix. It provides a quantitative description of dual product spaces where countries and products have coordinates numerically estimated. Furthermore, the model provides a latent composition and latent comparative advantage, a new concept representing the reference export composition implied by the position of the country in the product space. This position not only depends upon what a country actually exports (revealed comparative advantage) but also upon the export composition of all other countries. The comparisons provide some practical indication of the potential for diversification.
Main findings
1. The product space has relatively few dimensions (five explain 70% of the trade matrix). 2. Typical competiveness variables are weakly correlated to individual latent factors (coordinates in the product space). 3. Latent comparative advantages are available and comparisons with RCA inform on the extensive margins and the potential for diversification. 4. Typical competiveness variables are related to distance between latent and revealed (actual) positions in the product space. 5. Economies with less distance, or making the most of their latent advantage, are expectedly more "competitive" and more diversified. 6. The currently accepted concepts such as PRODY or RFI have, in fact, limited informational power.
The model presents a number of advantages. It is not only a descriptive data analysis tool but it is also embedded in classical trade theory. Therefore it is quantitative and eventually predictive. For instance, it allows estimates of how trade will change a country's latent variables and endowments based upon known country factors. The associated information metric measures how much of the trade structure is explained by the model (about 70%). Furthermore the model does not rely on arbitrary choices of parameters or of functional structure. The only partly subjective but not ad hoc interpretation is the reading of the scree plot, as in a standard PCA, to determine the number of relevant dimensions of the product space.
Improvements
Several improvements are relatively straightforward:
• The model has been implemented at 2-digits. Implementation at 3-or 4-digits should be considered.
• Improvements in the E-PCA implementation and further test of robustness.
• More detailed comparisons between latent variables and known indicators of competitiveness.
• Inclusions of several years in the model.
Extensions
The following areas have not been considered so far.
• Inclusion of import composition as well as export composition in order to better incorporate a value chain description of trade.
• Inclusion of geographical information in the model and how to incorporate spatial gravity modeling.
Annex 1 Results
Three MS Excel files are available at www.worldbank.org/trade -> data Annex 1 corresponds to the RFI and FSE and contains the variables used.
Annex 2 corresponds to section 8 and gives the latent variables and elasticities.
Annex 3 corresponds to section 9 and provides the "discovery matrix" and the latent comparative variables.
The core data work has been programmed in Mathematica. The notebooks can be shared upon request.
Annex 2 Properties of the Model and Connection between Factor Supply Elasticity and Revealed Factor Intensity

Improvement in factor supply and change in comparative advantage
Consider a small change, ceteris paribus, of the factor supply for a given country a, Then the change in the matrix is , or a change , yielding the changes for total in rows and columns , and and for the RCA , or , where is the weighted average elasticity for country a and the coefficient , is in practice close to one: , Thus an improvement in factor supply by for country a improves the RCA only in export products i where the factor elasticity is above the country weighted average of elasticity .
Relationship between PRODY/Revealed Factor Intensity and Factor Supply Elasticity
In this sub-section we show how the model explains the significance of the revealed factor intensity introduced in the literature, and how it relates to factor supply elasticities. Consider a trade matrix with relatively mild effects of factor productivity (i.e. first order deviation from a situation of no comparative advantage). Then Elasticities and factors can be normalized by convention with zero weighted averages without loss of generality , and .
At first order:
, and ,
Thus the RCA is
And the RFI is
Or at the first order in the elasticity , yielding a simple linear relationship between RFI and elasticity for small values of elasticities:
. 
